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Charge equilibration between two colliding nuclei can take place in the early stage of heavy-ion
collisions. A basic mechanism of charge equilibration is presented in terms of the extension of single-
particle motion from one nucleus to the other, from which the upper energy limit of the bombarding
energy is introduced for significant charge equilibration. The formula for this limit is presented, and is
compared to various experimental data. It is examined also by comparison to three-dimensional time-
dependent density functional calculations. The suppression of charge equilibration, which appears in
collisions at the energies beyond the upper energy limit, gives rise to remarkable effects on the synthesis
of exotic nuclei with extreme proton-neutron asymmetry.
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Charge equilibration is a rapid process during the early
stage of heavy-ion collisions with a time scale of 1022 s
(for a review, see [1]). Despite many theoretical attempts,
its mechanism has remained an open problem for more
than a decade. As far as collective dynamics is concerned,
the relation between charge equilibration and the isovector
dipole mode has been clarified (for example, see [2–10]).
The charge equilibration is quite important, because it
naturally prevents the production of exotic fragments
with extreme proton-neutron asymmetry. As there are
and will be third generation rare-isotope-beam (RI-beam)
facilities, it is an urgent question whether such synthesis
can be enhanced with higher beam energies or not.
In this Letter, we first point out that there is an upper
limit of the bombarding energy for the fast and significant
charge equilibration in the initial stage of the collision.
This concept is checked using systematic three-
dimensional time-dependent density functional calcula-
tions. Note that the fast charge equilibration appears to
occur before dissipation effects become fully operational.
We actually employ Skyrme time-dependent Hartree-Fock
(TDHF) theory, which is a rather unique presently feasible
method for the treatment of nonperturbative processes such
as multinucleon transfers in a realistic framework.
The suppression of charge equilibration brings about a
favorable situation for the synthesis of exotic nuclei;
hence, the evaluation of the upper limit thus can have
crucial significance for experiments on nuclei with extreme
proton-neutron asymmetry. We shall consider the collision
of a target nucleus with mass number A1, neutron (proton)
number N1 (Z1), with a projectile nucleus with A2, N2, and
Z2. The total mass, neutron, and proton numbers are de-
noted by A, N, Z, respectively. For this problem, we begin
with a basic picture that the charge equilibration takes
place as wave functions of nucleons propagate from their
original nucleus to the other nucleus in the initial stage of
the collision. Namely, the regime of individual single-
particle motion spreads out following the lowering of the
potential barrier between the two nuclei after the touching.
Because this spreading occurs as a consequence of un-
blocked single-particle motion, the process can be very
fast; a particle travels into the other side within
1022 s, which roughly corresponds to the Fermi energy
of normal nuclear matter. Because this spreading needs a
certain time, it does not lead to charge equilibration in the
initial stage if the relative velocity of the colliding nuclei is
too high. In the charge equilibration, protons and neutrons
from both nuclei, particularly those near the Fermi levels,
are mixed within a short time after the touching.
We introduce an ansatz that, in order for the fast charge
equilibration to occur, the relative velocity vr of the two
nuclei at the collision must be below the velocities corre-
sponding to the proton or neutron Fermi momenta of both
nuclei. By denoting the minimum of these four velocities
as vF
min, the present effect can be summarized by the
statement that the upper-limit energy for charge equilibra-
tion is determined by vr ¼ vFmin. This upper limit in the
laboratory frame for charge equilibration is expressed as
the sum of the kinetic energy for velocity vF
min and the
Coulomb energy at touching:
ECE;lab
A
¼ @
2ð32minÞ2=3
2m
þ e
2Z1Z2
40r0
A1 þ A2
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
Nið4r03 A1=3i Þ1
ð1 3 Þð1þ Þ ;
Zið4r03 A1=3i Þ1
ð1 3 Þð1 Þ

; (2)
where m, e, 0, and r0 are the nucleon mass, the charge
unit, the vacuum permittivity, and the usual nuclear radius
parameter (1.2 fm), respectively. Here we express the
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minimum velocity by the corresponding minimum of the
proton or neutron density of the two nuclei using the
formula vF
min ¼ @ð32minÞ1=3=m. In Eq. (2), i ¼ 1, 2
distinguishes the two initial nuclei, and  and  (functions
of Ai) are introduced based on the droplet model [11,12] to
take into account the effect of neutron and proton skins.
Three-dimensional TDHF calculations can give us an
insight into the validity of the present conjecture. An
estimate of the mean free path of a nucleon in nuclear
matter based on the free cross section yields a few fem-
tometers [13]. Since this depends strongly on energy and
the phase space blocking through the Pauli principle, it is
legitimate to investigate TDHF as an alternative theory at
least for the initial phase of a collision and to compare to
experiment to find out to what extent hard collisions may
influence the results. Many TDHF events were obtained
with different values of impact parameter (denoted by b)
incremented by 2.5 fm. For easier comparison, in the figure
captions, we also mention the impact parameter rescaled
according to br ¼ b=ðr0A1=31 þ r0A1=32 Þ. These events are
summed over impact parameters with weights of geometric
cross section, and elastic cases are discarded. Accordingly,
the contribution of peripheral collisions is large. Note that
nucleon emission is also present in the TDHF calculations.
N=Z fragment distributions are obtained by sorting col-
lected TDHF events in terms of the N=Z ratio with N=Z
being discretized into bins of width 0.05. Figure 1 shows
the yield distribution of final fragments for 208Pbþ 132Sn
reaction. Going from low to high Ecm (total kinetic energy
in the center-of-mass frame) of the collision, the peak of
the yield distribution as a function of N=Z is almost
constant at the beginning, and is shifted later with the
lowering of peak height. A clear decrease of the yield of
charge-equilibrated fragments for Ecm=A  7:0 MeV is
noticed. On the other hand, very neutron-rich nuclei with
N=Z 2:0 simultaneously start to be produced. By taking
E1 as the energy at which the peak height starts to be
lowered (6.0 MeV in this case), and E2 as the energy at
which the yield of the equilibrated N=Z becomes about
50% (7.0 MeV in this case), the upper energy limit is
defined in TDHF as ECE;cm=A ¼ ðE1 þ E2Þ=2 (6.5 MeV
in this case). The uncertainty from the energy bin value is
ðE2  E1Þ=2 (0.5 MeV in this case). Such TDHF results are
summarized in the third and fourth columns of Table I.
TDHF calculations with two different parameter sets result
in the same upper energy limit. Note that a large value is
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FIG. 1 (color online). Four cases with different Ecm=A values are presented for the collisions of
208Pbþ 132Sn. The upper and the
lower panels show the yield distributions of fragments obtained by TDHF calculations (SLy4d) as a function of their N=Z ratios and
masses, respectively (the N=Z ratio is discretized by 0.05, and the mass by 50), where the N=Z ratios for 208Pb and 132Sn are 1.54 and
1.64, respectively. The effective freeze-out time turns out to be 11:5 1022 s. Columns showing the charge equilibrium to the final
value N=Z ¼ 1:58 are hatched, and they are connected by dashed lines for the upper panel. The line graphs shown in the upper panel
pick out the peripheral cases with the impact parameter of 7.5 fm (br ¼ 0:57).
TABLE I. ECE;cm=A values [MeV] obtained by TDHF calculations compared to those obtained by transforming the results of Eq. (1)
into the center-of-mass frame. For reference, the values obtained by the Fermi gas model with the standard parameter are also shown.
Collision TDHF (SLy4d) TDHF (SkM) Equation (1) Fermi gas
(i) 208Pbþ 238U 6:5 0:5 6:5 0:5 6.91 9.46
(ii) 208Pbþ 132Xe 6:5 0:5 6:5 0:5 6.50 9.03
(iii) 208Pbþ 132Sn 6:5 0:5 6:5 0:5 6.36 9.03
(iv) 208Pbþ 40Ca 3:5 0:5 3:5 0:5 3.66 5.14
(v) 208Pbþ 24Mg 2:5 0:5 2:5 0:5 2.36 3.52
(vi) 208Pbþ 24O 2:5 0:5 2:5 0:5 2.18 3.52
(vii) 208Pbþ 16O 1:5 0:5 1:5 0:5 1.75 2.50
(viii) 208Pbþ 4He <1:0 <1:0 0.48 0.70
(ix) 24Mgþ 24O 5:5 1:0 5:5 1:0 5.99 9.50
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obtained for 24Mgþ 24O, implying that a simple mass
dependence (small values for reactions between light nu-
clei, and vice versa) cannot explain this, while the mass
asymmetry plays a certain role.
The corresponding values obtained by Eq. (1) are shown
in the fifth column of Table I, and the values obtained by
the simple Fermi gas model (kF ¼ 1:36 fm1 for both
protons and neutrons) are shown in the sixth column. By
comparing the results of Eq. (1) with the TDHF results, the
agreement is remarkable, including a high value in the last
row. Figure 2 depicts how the upper limit given by Eq. (1)
changes as a function ofN=Z and A1=A2. The upper energy
limit comes down significantly low for higher mass asym-
metry, while it depends only weakly on the total mass.
Although charge equilibration can compete with Coulomb
excitation particularly in collisions involving nuclei with
large Z, no evidence of a major change due to large Z is
found in the results of Eq. (1) or those of TDHF calcula-
tions. However, non-negligible decrease of the upper en-
ergy limit due to the proton-neutron asymmetry is noticed.
Consequently, the upper limit of charge equilibration de-
pends largely on the Fermi energy, the proton-neutron
asymmetry can contribute to the shift of the upper limit,
and the dependence of the upper limit on the mass asym-
metry is remarkable.
Let us move on to the comparison to the experiments. It
can be seen that existing experimental data agree with the
present upper-limit formula. For instance, the following
experiments show charge equilibration: 40Arþ 58Ni at
Elab=A ¼ 7:0 MeV [14], and 56Feþ 165Ho (209Bi) at
Elab=A ¼ 8:3 MeV [15]. The following experiment shows
the disappearance of charge equilibration: 112Snþ 124Sn
at Elab=A ¼ 50 MeV [16,17]. Recently, experiments
124;112Snþ 124;112Sn at Elab=A ¼ 35 and 50 MeV, respec-
tively, have been performed at Michigan State University
[18]. It is remarkable that the final fragments are not so
close to charge equilibrium even when the energy is set to
Elab=A ¼ 35 MeV. This experimental result is understood
now, because the upper limit of charge equilibration is
calculated to be Elab=A ¼ 27:6 MeV from Eq. (1).
The suppression of charge equilibration contributes
naturally to the production of an exotic fragment; more
exotic nuclei far from the equilibrated N=Z ratio are to be
synthesized above the present upper limit. Because the
bombarding energies of the third generation RI-beam fa-
cilities are sufficiently high to exceed the upper limit, the
present upper limit ensures more production of further
exotic isotopes by the latest and the future RI-beam facili-
ties. Indeed, in the experiment of Ref. [19], the yield of
exotic fragments was increased simply by putting the beam
energy higher than the present upper limit. It is also of
much interest to explore the novel possibility of the syn-
thesis of exotic nuclei by collisions including only-stable
nuclei. Such possibilities have not attracted much atten-
tion, but may emerge with various feasibilities of the
production of exotic species, if the experiment is set for
energies beyond the present upper limit. As an example,
Fig. 3 shows the real-time dynamics of 208Pbþ 40Ca
around the energy where the production of exotic nuclei
starts; the upper energy limit is 3.66 MeV (Table I), fusion
appears at Ecm=A ¼ 3:0 MeV, and breakup is seen at
4.0 MeV. -unstable fragments are emitted only for the
bombarding energy higher than the upper limit; for in-
stance, a small fragment in the lower-right panel of
Fig. 3 is 26Mg (numbers of nucleon are rounded to be the
integer).
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FIG. 2 (color online). N=Z dependence of ECE;cm=A values
[MeV] based on Eq. (1) in the center-of-mass frame, where A1 >
A2 is assumed without loss of generality. Values with different
total masses A ¼ 100, 200, 300, 400, and 500 are plotted for
each A1=A2, which correspond to black lines from bottom to top
in each group (the total mass difference is not noticed for the
cases of A1=A2 ¼ 10 and 100), and the lines are drawn to guide
eyes. Each TDHF calculation is shown as a blue bar, where the
central points correspond to the value obtained by Eq. (1), and
Roman numbers distinguish reactions shown in Table I.
FIG. 3 (color online). Time evolution of charge distribution for
208Pbþ 40Ca (SLy4d) is shown for the impact parameter of
7.5 fm (br ¼ 0:67). The upper and the lower panels show cases
with Ecm=A ¼ 3:0 MeV and 4.0 MeV, respectively. 208Pb is
coming from the left for both cases. The contours incremented
by 0:04 fm3 show the density, where parts with the proton-
neutron density ratio greater than 0.72 are colored in red.
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We now point out some interesting details of charge-
equilibration dynamics for collisions below the present
upper energy limit. We shall first investigate it with a focus
on the isovector dipole mode in a collision between light
nuclei. Figure 4(a) shows the time-evolution of charge
distribution for 24Mgþ 24O. We see the appearance of
the isovector dipole oscillation, and the charge equilibra-
tion is synchronized with it. Similar results were obtained
in [2–10]. This is, however, seen mainly for collisions
between light nuclei, because the dipole oscillation be-
comes less visible in heavier cases. Next, we move on to
collisions involving a heavier nucleus, e.g., 24Mgþ 208Pb
shown in Fig. 4(b). No significant dipole oscillation ap-
pears. Instead, a radially layered structure of the composite
nucleus is formed at 7:5 1022 s, in which a relatively
neutron-rich core appears in the center, a proton-rich layer
surrounds it, and a neutron-rich skin is in the surface. This
seems to be due to the Coulomb repulsion; hence, the radial
distribution of charge is formed. Here one can find an
analogous situation of isovector monopole excitation, and
a prominent role of radial flow in such low-energy colli-
sions is understood. Similar layered structures are obtained
in the TDHF calculations listed in Table I except for
24Mgþ 24O.
Finally, let us comment on the diffusion towards charge
equilibrium. The mechanism of fast charge equilibration
presented in this Letter is valid at energies lower than the
upper energy limit. The diffusion may contribute to the
charge equilibration around the Fermi energy [20–23],
while its effect is not fast enough for attaining the charge
equilibrium within the initial stage. A similar energy-
dependent equilibration mechanism has been reported in
condensed matter physics [24–26], where the equilibration
is fast for lower energies (temperatures), and quite slow for
higher energies.
In this Letter the mechanism of fast charge equilibration
has been presented, and its validity is examined by com-
parison to virtually all existing relevant experimental data.
This concept has been further analyzed in terms of a three-
dimensional time-dependent density functional formalism.
The upper energy limit of charge equilibration has a crucial
impact on the nuclear synthesis, giving a sound motivation
for the production of further exotic isotopes by the latest
and the future RI-beam facilities.
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FIG. 4 (color online). Charge equilibration for (a) 24Mgþ 24O
and (b) 24Mgþ 208Pb (SLy4d) are shown for Ecm=A ¼ 4:5 MeV
and 2.0 MeV with the impact parameters of 5.0 and 7.5 fm (br ¼
0:72 and 0.71), respectively. For both cases, 24Mg is incoming
from the left and the states evolve into fusion. The description
manner is the same as Fig. 3, where parts with the proton-
neutron density ratio greater than 0.80 and 0.70 are colored in
red for (a) and (b), respectively.
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